Abstract We propose a geometric interpretation of the classical Rankin-Selberg method for GL(n) in the framework of the geometric Langlands program. We show that the geometric Langlands conjecture for an irreducible unramified local system E of rank n on a curve implies the existence of automorphic sheaves corresponding to the universal deformation of E. Then we calculate the 'scalar product' of two automorphic sheaves attached to this universal deformation.
Introduction 0.1. In this paper, which is a continuation of [14] , we propose a geometric interpretation of the global Rankin-Selberg method for GL(n) in the framework of the geometric Langlands program. The corresponding classical result computes the scalar product of two cuspidal nonramified automorphic forms on GL(n) over a function field.
Our first motivation is the following result of G. Laumon ([11] ) and M. Rothstein ([16] ) in the case of GL (1) . Let X be a smooth, projective, connected curve of genus g ≥ 1 over C. Let M ′ be the Picard scheme classifying invertible O X -modules L of degree zero. Denote by M the coarse moduli space of invertible O X -modules L with connection ∇ : L → L ⊗ O X Ω X . This is an abelian group scheme over C (for the tensor product), which has a natural structure of a H 0 (X, Ω X )-torsor over M ′ . In [11, 16] This result can be obtained as a formal consequence of two orthogonality relations. One of them states that the complex R(pr 12 ) * (pr The moduli space of ℓ-adic local systems on X is not known to exist. However, we can consider the deformations of E 0 overQ ℓ (cf. Sect. 3.1). The local system E 0 admits a unversal deformation E (cf. Proposition 3). Let Spf(R) be the base of this deformation. In fact, R is isomorphic to the ring of formal power series overQ ℓ of dimension 2g.
For a positive integer d we have the R-sheaf E (d) on the symmetric power X (d) of X (cf. Sect. 1.5). Let Pic d X denote the Picard scheme of X parametrizing the isomorphism classes of invertible O X -modules of degree d. According to the geometric abelian class field theory, E (d) descends to a smooth R-sheaf E d of rank 1 on Pic d X. Denote by E d 1 , E d 2 the two liftings of E d to Spf(R⊗Q ℓ R). Essentially, we show that there is a canonical isomorphism of R⊗ R-modules
where the R⊗ R-module structure on R is given by the diagonal map R⊗ R → R. Besides,
2 )) = 0 for i = 2g. Actually, a bit different statement is proved (cf. the discussion at the end of Sect. 0.4). This is the particular case n = 1 of our Main Global Theorem (cf. Sect. 4.1), which is an analogue of this orthogonality relation for GL(n).
Already in the case of GL (1) we observe the important role of deformations. Applying the base change theorem for the above result, we get the scalar square of E d 0 , namely
As is easy to see, this complex has cohomology groups in all degrees 0, 1, . . . , 2g. For GL(n) the answer will also be simplier when considered as an object on the moduli of parameters.
0.3. Let X be a smooth, projective, geometrically connected curve over F q . Let ℓ be a prime invertible in F q . According to the Langlands correspondence for GL(n) over function fields (proved in full generality by L. Lafforgue), to any smooth geometrically irreducibleQ ℓ -sheaf E on X is associated a (unique up to a multiple) cuspidal automorphic form ϕ E : Bun n (F q ) →Q ℓ , which is a Hecke eigenvector with respect to E. The function ϕ E is defined on the set Bun n (F q ) of isomorphism classes of rank n vector bundles on X. The global Rankin-Selberg for GL(n) allows to calculate for any integer d the scalar product of two (appropriately normalized) automorphic forms
where Bun d n (F q ) is the set of isomorphism classes of vector bundles L on X of rank n and degree d+ n(n − 1)(g − 1), and # Aut L stands for the number of elements in Aut L. More precisely, this scalar product vanishes if and only if E 1 and E 2 are non isomorphic. In the case E 1 →E 2 →E the answer is expressed in terms of the action of the geometric Frobenius endomorphism on H 1 (X ⊗F q , EndE).
Assume that ϕ E is canonically normalized (cf. footnote 1). The local part of the classical Rankin-Selberg method for GL(n) may be stated as the equality of formal series (cf. [14] )
Here n M d (F q ) is the set of isomorphism classes of pairs (Ω n−1 ֒→ L), where L is a vector bundle on X of rank n and degree d + n(n − 1)(g − 1), and Ω is the canonical invertible sheaf on X (Ω n−1 is embedded in L as a subsheaf, i.e., the quotient is allowed to have torsion). We have denoted by
the L-function attached to the local system E * 1 ⊗ E 2 (here Fr is the geometric Frobenius endomorphism).
The calculation of (1) is an asymptotic argument. First, rewrite (2) as
The cuspidality of ϕ E implies that if ϕ E (L) = 0 and deg L is large enough then Ext 1 (Ω n−1 , L) = 0, and dim Hom(Ω n−1 , L) = d − n 2 (g − 1). To conclude, it remains to study the asymptotic behaviour of the above series when t goes to q −1 , using the cohomological interpretation
which is a geometric analogue of (1) . (Here pr i : Spf(R⊗ R) → Spf R are the two projections.) But the answer turns out to be 'bad': this complex has nontrivial cohomology groups in infinitely many degrees (bounded from above). To get the desired answer, we modify the problem as follows. Scalar automorphisms of vector bundles provide an action of G m on Bun n by 2-automorphisms of stacks. We introduce the stack Bun n (cf. Sect. 2.5), the quotient of Bun n under this action. There exists a perverse R-sheaf Aut E on Bun n such that the inverse image of Aut E [−1](− 1 2 ) under the projection Bun n → Bun n is identified with Aut E .
Our Main Global Theorem essentially says that if Conjecture 1 is true then for any integers i and d there is a canonical isomorphism of R⊗ R-modules
where the R⊗ R-module structure on R is given by the diagonal map R⊗ R → R. Actually a bit different statement is proved. Conceptually, we should work in the derived categories D b c (Y, R) of complexes of R-sheaves inétale topology on Y , where Y is a k-scheme of finite type and R is the ring of formal power series overQ ℓ . (For R =Q ℓ this is the derived category of ℓ-adic sheaves on Y ). However, for dim R > 0 the definition of this derived category is not known. We impose an additional condition: the reduction of E 0 modulo ℓ has no nontrivial endomorphisms. This allows to work in another triangulated category denoted D b c (Y,R) σ (cf. Sect. 1.4), which 'approximates' the desired one. Our Main Global Theorem is an isomorphism in such triangulated category. 0.5. The paper is organized as follows. In Sect. 1 we partially establish some formalism of R-sheaves on schemes. We adopt the point of view that an appropriate formalism of R-sheaves holds for algebraic stacks locally of finite type over k. In Sect. 2 we formulate the geometric Langlands conjecture relative to R (Conjecture 1), and essentially show that if this conjecture is true overQ ℓ then it is also true over the rings of formal power series overQ ℓ (actually a bit different statement is proved, cf. Proposition 2).
In Sect. 3.1-3.3 we study the deformations of local systems on X. In Sect. 3.4 we calculate the cohomology of some natural sheaves arising from the universal deformations. The proof of Main Global Theorem is given in Sect. 4.
We refer the reader to Sect. 0.2 of [14] for our conventions.
1 R-sheaves
1 Let E be a finite extension field of Q ℓ . Denote by C E the category of local Artin E-algebras with residue field E (the morphisms are local homomorphisms of E-algebras). Let A ∈ Ob(C E ) and Y be a k-scheme of finite type. The category Sh(Y, A) of constructable A-sheaves on Y is the category of pairs (E, ρ), where E is a constructable E-sheaf on Y , and ρ : A → End(E) is an action of A on E.
A constructable A-sheaf (E, ρ) is smooth of rank m, if E is a smooth E-sheaf, and the fibres of (E, ρ) are free A-modules of rank m.
Let R be a complete local noetherian E-algebra with residue field E and maximal ideal m. We let Sh(Y, R) be the projective 2-limit of Sh(Y, R/m n ). This is a category whose objects are projective systems (F n , ψ n ) n∈N , where F n ∈ Ob(Sh(Y, R/m n )) and ψ n : F n+1 ⊗ R/m n+1 R/m n →F n is an isomorphism. Morphisms are defined as the morphisms of the corresponding projective systems.
Conceptually, we should work in the derived category D b c (Y, R), where R is the ring of formal power series in several variables overQ ℓ , but its definition is not known. We 'approximate' it by another triangulated category defined below.
1.2 Let A be a commutative ring, S ⊂ A be a multiplicative system. We denote by A S the localization of A in S. Given an A-additive category A, denote by A ⊗ A A S the category such that Ob(A ⊗ A A S ) = Ob(A), and morphisms in
This is an A S -additive category. The following statement is left to the reader (the points i) and iii) follow from [8] , Proposition 3.6.1).
The core of this t-structure is an abelian category equivalent to A ⊗ A A S . Remark 1. We will use the following trivial observation. Let c− A− mod denote the category of finite type A-modules. If A is noetherian then the natural functor (c−A−mod) ⊗ A A S → c−A S − mod is fully faithful.
The following statement is left to the reader (point 3) follows from [2] c (Y,R) isR-additive, has the natural t-structure, whose core is equivalent to Sh(Y,R), and the perverse t-structure p 1/2 obtained by the gluing procedure ([1], 2.2.14). So, the usual definition of the perverse t-structure p 1/2 is applicable: 
We have a conservative triangulated functor of extension of scalars ( 
We denote by Perv f l (Y,R) the full subcategory of Perv(Y,R) consisting ofR-flat perverseRsheaves on Y .
Note that the Verdier duality functor preservesR-flat perverseR-sheaves and induces an autoequivalence of Perv f l (Y,R). From Lemma 3 and 2) of Lemma 4 we immediately get the next corolary. 
LetR →R ′ be a local homomorphism of complete local noetherian regular O-algebras with residue fields κ. It induces a conservative triangulated functor of extension of scalars (
By (loc.cit., A.1.5), the functors f ! , f * , f * commute with (3) 2 .
Assume that σ is the restriction toR of a local homomorphism of O-algebras
The map σ itself yields the functor of extension of scalars 
where the low horizontal arrow is the functor E L ⊗R σ in the literal sense. By our assumption,
coh (E) has no cohomology in degree r.
Proof Represent K by a bounded complex K 0 of freeR σ -modules of finite type.
where K 1 is acyclic and the differential in K 2 is zero modulo the maximal ideal ofR σ . Our assertion follows now from lemma of Nakayama. 
2) For
LetR be as in Sect. 1.3. Assume thatR is of characteristic zero. LetĒ be a smoothR-sheaf on X. Denote by sym :
This is a direct summand of the constructableR-sheaf sym
is aR-flat perverseR-sheaf, which is the Goresky-MacPherson extension of its restriction to any nonempty open subscheme, the same holds forĒ
Following [9] , we associate toĒ a perverseR-sheaf L d 
) is a generalized affine fibration. This, in particular, implies that Fl 1,... ,1 is smooth.
Springer's sheaf Spr
is aR-flat perverseR-sheaf, which is the Goresky-MacPherson extension of its restriction to any nonempty open substack. It also carries a natural action of the symmetric group
where the invariants are taken in Perv(Sh 
where
The formation of all these complexes commutes with extension of scalars (3). The complex
does not depend on ψ in the following sense. 
Lemma 8. For any two nontrivial additive characters
ψ, ψ ′ : F p → O * there is a canonical isomorphism ζ ! ( n F d E,ψ ) →ζ ! ( n F d E,ψ ′ ) in D b c ( n M d ,R). Proof There is a unique a ∈ F * p such that ψ ′ (x) = ψ(ax) for x ∈ F p . So, L ψ ′ →a * L ψ , where a : A 1 →A 1 denotes the multiplication by a. Let α denote the automorphism of n Q d that multiplies s i : Ω n−i →L i /L i−1 by a i−1 for i = 2, . . . , n, where (L 1 ⊂ . . . ⊂ L n ⊂ L, (s i )) is a point of n Q d . Then α * ( n F d E,ψ ) → n F d E,ψ ′ ,K d E is formulated as follows. Let n Mod d denote the stack classifying modifications (L ⊂ L ′ ) of rank n vector bundles on X with deg(L ′ /L) = d. Let supp : n Mod d → X (d) be the map that sends (L ⊂ L ′ ) to div(L ′ /L). For d ′ ≥ 0 denote by p M : n M d × Bunn n Mod d ′ → n M d+d ′ the map that sends (Ω n−1 ֒→ L ֒→ L ′ ) to the composition (Ω n−1 ֒→ L ′ ). It is representable and proper. Let also q M : n M d × Bunn n Mod d ′ → n M d denote the projection.
Proposition 1. For any smoothR-sheafĒ on X and any d ≥ 0 there is a natural morphism
where the first map is the projection. We also have the map
Corolary 2. For any smoothR-sheafĒ on X and any
As in ( [14] , Sect 6.6) we write rss
and this action lifts naturally to an action onp
On the other hand, S d ′ acts onĒ ⊠d ′ and, hence, on the right hand side of (6) . Using the explicit description of the map (6) (cf. Sect. 2.3) one easily obtains the next result.
Lemma 9. The map (6) 
In this subsection we prove Proposition 1.
Denote by nỸ
, where L is a rank n vector bundle on X with deg L = d + deg(Ω (n−1)+...+(n−n) ) and are sections satisfying Plücker's relations as in ( [14] , Sect. 4.1). We have a closed immersion
and t i is the composition
The mapq Y is representable and proper.
Definition 5. For any smoothR-sheafĒ on X set nP
Remark 2. i) It may be shown that nP
E * ,ψ −1 . We will not need these facts.
ii) The following square is cartesian
So, the restriction of nP
The only property of nP
we need is the following. Let ′ nỸ 1
d is a closed substack. Proposition 1 will follow from the next observation. 
Proof of Proposition 1 Define the closed substack
Then we have a commutative diagram, where the right square is cartesian
We 
By Lemma 10, F is the extension by zero from n Y d × X. By ( [14] , Prop. 5), we get a morphism
, which is an isomorphism when rkĒ ≤ n. Our assertion follows.
2.4
Recall the definition of a Hecke-eigensheaf ( [7] , 1.1). Consider the correspondence
where 
Consider the d-th iteration of H 
Following [7] , pick a line bundle L est on X such that for any vector bundle M on X of rank
For example, L est of degree > 2n(2g − 2) satisfies this property. Let us denote by
Recall thatR is a local complete noetherian regular O-algebra with residue field κ, and σ :R → O is a local homomophism of O-algebras (in particular,R is of characteristic zero). The geometric Langlands conjecture (relative toR) may be formulated as follows (cf. [9, 5, 7] ).
Conjecture 1. LetĒ be a smoothR-sheaf on
Moreover, there exist the following data:
• a perverse sheaf AutĒ ∈ Perv f l (Bun n ,R) σ equiped with the structure of a Hecke-eigensheaf with respect toĒ;
and the inverse image iii) AutĒ is cuspidal in the sense that for any nontrivial partitionn = (n 1 , . . . , n k ) of n determining the correspondence
The map pn sends this flag to M k , and qn sends this flag
Remarks . 1) The property i) means the following. For any d ≥ 0 we have a commutative diagram, where the left square is cartesian
It is required that the restriction of the isomorphism H 1 n (AutĒ) → AutĒ ⊠Ē under the left vertical arrow in the above diagram coincides with the isomorphism (5) (up to a cohomological shift and a Tate twist).
2) From main result of [7] it follows that if certain vanishing conjecture (Conjecture 2.3, loc.cit) is true then Conjecture 1 is true forR = O. Indeed, the first assertion follows from (3.6, loc.cit.) combined with the properties of the Fourier transform ([10], 1.3.1.1, 1.3.2.3 ).
3) The perverse sheaf AutĒ in Conjecture 1 is defined up to a canonical isomorphism.
The quotient of Bun n by a 2-action of G m
Consider the k-prestack whose category fibre at a scheme S is the following groupoïd. Its objects are vector bundles L on S × X of rank n. A morphism from L 1 to L 2 is an equivalence class ∈ {(A, u)}/ ∼, where A is an invertible sheaf on S, u : L 1 →L 2 ⊗ A is an isomorphism of O S×X -modules, and the pairs (A, u) and (A ′ , u ′ ) are equivalent if there exists an isomorphism A →A ′ making commute the diagram
We define Bun n as the stack associated to this prestack. 3 Then the natural morphism r : Bun n → Bun n is a G m -gerb.
Lemma 11. Bun n is an algebraic stack locally of finite type and smooth of pure dimension
Proof Let S be a noetherian scheme, L 1 and L 2 be vector bundles on S × X of rank n. Consider
is an open subscheme of some affine S-scheme V(F), where F is a coherent O S -module, and Isom(L 1 , L 2 ) is of finite type over S ( [12] , the proof of 4.6.2.1). We have a free action of G m on Isom(L 1 , L 2 ), and the square is cartesian
is an open subscheme of P(F), in particular it is separated over S. So, the diagonal mapping Bun n → Bun n × Bun n is representable, separated and quasicompact. If Y → Bun n is a presentation of Bun n then the composition Y → Bun n → Bun n is a presentation of Bun n .
The connected components of Bun n are numbered by d ∈ Z: the component Bun 
where Pic d X is the Picard scheme of X. Let mult : Bun n ×X → Bun n be the map that sends (L, x) to L(x). There is a unique map mult : Bun n × X → Bun n making commute the diagram
The composition 1 M d → Bun 
This is an S-scheme that classifies nonzero sections s : Ω n−1 ֒→ L. The group G m acts freely on Z S (over S), multiplying s by a scalar. One checks that n M d × Bun n S is identified with the quotient Z S /G m . In particular, for S = Spec k the scheme Z S is the projective space (Hom(Ω n−1 , L) − {0})/G m . Now we are able to prove the following result.
Proposition 2. 1) If Conjecture 1 is true then D(AutĒ) → AutĒ * canonically. 2) If Conjecture 1 is true forR = O then it is true in full generality. Moreover, there exists a perverse sheaf AutĒ ∈ Perv f l (Bun n ,R) σ together with an isomorphism
AutĒ →r
By this condition AutĒ is defined up to a canonical isomorphism. The formation of AutĒ commutes with extension of scalars (4). We also have canonically
Over Bun 
For any open substack of finite type U ⊂ Bun n there exists an integer d ′ such that for any x ∈ X the morphism mult
According to (14) , this gives a well-defined isomorphism (13) over the entire Bun n , which coincides with the old one over Bun est n .
2) Step 1. Applying the conservative functor E
are irreducible perverse sheaves, by 2) of Lemma 7, the restriction of 
is a smoothR σ -sheaf (appropriately shifted).
Recall that U ′ → U is a vector bundle of rank d − n 2 (g − 1) with removed zero section. Let U be the image of U under r : Bun n → Bun n . Then U ′ →Ū is a projectivization of a vector bundle. By 1) of Lemma 7, there exists an (appropriately shifted) smoothR σ -sheaf V 0 onŪ and an isomorphism in D 
This gives a well-defined perverse sheaf AutĒ ∈ Perv f l (Bun n ) together with the isomorphism (11) over the entire Bun n × X. One concludes the proof as in (loc.cit., 7.8 and 7.9). 
commutes, and the following two squares are cartesian
2) Let Λ be a noetherian ring such that the characteristic of Λ is invertible in k. Then Bun n is a Bernstein-Lunts stack with respect to Λ in the sense of ( [12] , 18.7.4).
Indeed, if X 1 → X 2 is a representable separated morphism of algebraic stacks, and X 2 is a Bernstein-Lunts stack then X 1 is also. Apply this forr. The stack Bun PGL n is a Bernstein-Lunts stack, because it is of the form M/G, where M is a separated algebraic space with an action of an affine algebraic group G ( [12] , 18.7.5).
3 Deformations of local systems and cohomology of Hom(Ē 1 ,Ē 2 ) 3.1 Let E be a finite extension field of Q ℓ . Fix a smooth E-sheaf E 0 on X of rank m. First, we recall the structure of the universal deformation of E 0 over E. This construction is standard (cf. [17] for the definition of pro-representability, etc.).
Let η ∈ X be the generic point of X andη → η → X be a geometric point over η. Set G = π 1 (X,η). Let A ∈ Ob(C E ). Recall that the functor that sends E to Eη is an equivalence between the category of smooth A-sheaves of rank m on X and the category of pairs (E, ρ), where E is a free A-module of rank m and ρ : G → Aut A E is a representation continuous in the ℓ-adic topology.
Definition 7. An A-deformation of E 0 is a pair (E, h), where E is a smooth A-sheaf on X of rank m and h : E ⊗ A E →E 0 is an isomorphism of E-sheaves on X.
Define the functor F E 0 : C E → Sets by F E 0 (A) = the set of isomorphism classes of Adeformations of E 0 .
Proposition 3. If End(E 0 ) = E then F E 0 is pro-representable by a pro-pair (R, E), where R is (non canonically) isomorphic to the ring of formal power series over
E in 2 + (2g − 2)m 2 variables. Let m ⊂ R be the maximal ideal of R. The E-dual of m/m 2 is canonically identified with H 1 (X, EndE 0 ). If, in addition, E ⊂ E ′ is a finite extension field and End(E 0 ⊗ E E ′ ) = E ′ then the pro-pair (R ⊗ E E ′ , E ⊗ E E ′ ) pro-represents the functor F E 0 ⊗ E E ′ .
Lemma 13. Suppose that End(E
Proof 2) The surjectivity is easy. To prove the injectivity use point 1) and Corollary 3.6, p.217 of [17] .
is an isomorphism of groups.
Proof of Proposition 3
Consider the ring E[ε]/(ε 2 ) of dual numbers. The groupoïd of E[ε]/(ε 2 )-deformations of E 0 is naturally equivalent to the category of extensions 0 → E 0 →? → E 0 → 0 on X. So, the tangent space to F E 0 is identified with Ext
. Now combining Lemma 13 with Theorem 2.11 of [17] we get the pro-representability of F E 0 by a pro-pair (R, E).
Let us show that the morphism of functors associating to an A-deformation E of E 0 the A-deformation det E of det E 0 is a formally smooth morphism from the universal deformation of E 0 to the universal deformation of det E 0 . Let A ′ → A, V ′ and V be as in Lemma 14 . Suppose that V is equipped with a structure of an A-deformation of E 0 . Let ρ : G → Aut A V be the corresponding representation of G. Since H 0 (X, End 0 E 0 ) = 0, we get H 2 (X, End 0 E 0 ) = 0 (we write End 0 E for the sheaf of traceless endomorphisms of E). It follows that the corresponding representation of G in PGL(V ) can be lifted to a representation ρ ′ : G → PGL(V ′ ). Now our assertion follows from Lemma 14.
The universal deformation of det E 0 is formally smooth, because it is isomorphic to the universal deformation of the trivial 1-dimensional local system, which is an infinitesimal formal E-group (cf. SGA3, t.1,VII B , 3.3). So, R is formally smooth, i.e., by ([17], 2.5), is isomorphic to the ring of formal power series over E.
Since
. We must show that this is an isomorphism of functors. Since F E 0 ⊗E ′ can be represented by a ring of formal power series over E ′ , our assertion follows from the fact that the induced map on the tangent spaces is an isomorphism.
Fix a R/m k -deformation of E 0 in the isomorphism class E k and denote it by the same symbol E k . For each k fix an isomorphism of R/m k -deformations of E 0 : E k+1 ⊗ R/m k+1 R/m k →E k . Then the projective system (E k ) k∈N is an object of Sh(X, R), equipped with an isomorphism α : E ⊗ R E →E 0 of E-sheaves on X. Notice that R is defined up to a canonical isomorphism, whence the R-sheaf E is defined up to a non-canonical isomorphism.
3.2 Let O ⊂ E be the ring of integers of E, κ be the residue field of O, and ω ∈ O be a uniformizing parameter. A smooth O-sheaf E ′ 0 on X together with an isomorphism
It is easy to see that, thoughĒ 0 is not defined up to an isomorphism by E 0 , the image ofĒ 0 in the Grothendieck group of the category of smooth κ-sheaves on X is uniquely defined by E 0 .
In this subsection we compare the universal deformation (R, E) of E 0 and the universal deformation ofĒ 0 over O.
Let C O be the category of local Artin O-algebras with residue field κ (the morphisms are local homomorphisms of O-algebras). For A ∈ Ob(C O ) one defines a notion of an A-deformation ofĒ 0 and a functor FĒ 0 : C O → Sets as in Sect. 3.1. The proof of the next result is similar to that of Proposition 3. FĒ 0 is pro-representable by a pro-pair (R,Ē) , whereR is a complete local noetherian O-algebra with residue field κ. Ifm is the maximal ideal ofR then the κ-dual ofm/(m 2 , ω) is canonically identified with H 1 (X, EndĒ 0 ).
As in Sect. 3.1, we may and will viewĒ as an object of Sh(X,R) equiped with an isomorphismᾱ :Ē ⊗R κ →Ē 0 . (Notice thatR is defined byĒ 0 up to a canonical isomorphism, whencē E is defined up to a non canonical isomorphism.)
Since E ′ 0 is an O-deformation ofĒ 0 , it defines a local homomorphism of O-algebras σ :R → O such that there exists an isomorphism β :Ē ⊗R O →E ′ 0 in Sh(X, O) compatible withᾱ (so, β is defined up to multiplication by an element of 1 + ωO). Let m σ denote the kernel of the induced mapR ⊗ O E → E. We denote byR σ the localization ofR ⊗ O E in m σ , and byR σ the m σ -adic completion ofR ⊗ O E. The isomorphism β induces onĒ ⊗RR σ a structure of aR σ -deformation of E 0 . This defines a local homomorphism of E-algebras τ : R →R σ that does not depend on the choice of β.
Proposition 5. Assume that End(E 0 ) = E and End(Ē 0 ) = κ. Then O →R is formally smooth, that is,R is (non canonically) isomorphic to the ring of formal power series over O in 2 + (2g − 2)m 2 variables. Besides, the natural map τ : R →R σ is an isomorphism of E-algebras.
Remark 5.
One easily checks that ifĒ 0 is an irreducible κ-sheaf then E 0 is an irreducible E-sheaf on X. However, the converse is not true.
We start with the following observation. Let A ∈ C E . Denote by n ⊂ A the maximal ideal. If A ′ ⊂ A is an O-subalgebra, which is a finite O-module with A ′ ⊗ O E →A, then A ′ = O ⊕ n ′ , where n ′ = A ′ ∩ n is an O-lattice in the E-vector space n. Conversely, if n ′ is an O-submodule of finite type in n with n ′ ⊗ O E →n then the O-subalgebra A ′ ⊂ A generated by n ′ satisfies A ′ ⊗ O E →A, and A ′ is a finite O-module.
Lemma 15. 1) Let
A ′ ⊂ A be an O-subalgebra, which is a finite O-module with A ′ ⊗ O E →A. Let M be a free A-module of rank m, M ′ ⊂ M be an A ′ -submodule of finite type with M ′ ⊗ O E →M . Then there exists an O-subalgebra A ′ ⊂ A ′′ ⊂ A such that A ′′ is a finite O-module, and A ′′ M ′ is a free A ′′ -module. 2) Let, in addition, M ′ 0 denote the image of M ′ → M/nM then the image of A ′′ M ′ → M/nM also equals M ′ 0 ,
and the latter map induces an isomorphism of O-modules
Any x ∈ M ′ is written uniquely as x = a 1 e 1 + . . . + a m e m with a i ∈ A. Reducing modulo n we learn that every a i lies in O ⊕ n. Proof Let f i : R → C be two local homomorphisms of E-algebras with C ∈ Ob(C E ). If h : E ⊗ R,f 1 C →E ⊗ R,f 2 C is an isomorphism of C-sheaves on X then, for a suitable a ∈ E * , ah is an isomorphism of C-deformations of E 0 , which implies f 1 = f 2 . In our case the corresponding A-sheaves on X are isomorphic by definition. Indeed, by definition of τ : R →R σ , we have
By Lemma 17, the image A 0 ofR → A ′ generates A as a E-vector space. Replacing A ′ by A 0 and V byĒ ⊗R A 0 , we may assume thatR → A ′ is surjective.
Consider the compositionR → A ′ → A → A/n 2 . Its image is an O-subalgebra O ⊕ñ of A/n 2 such thatñ is an O-lattice in n/n 2 . Let r denote the dimension of n/n 2 over E. Pick e 1 , . . . , e r ∈R whose images in A/n 2 define an O-basis ofñ. Remark 6. If we do not assume that End(Ē 0 ) = κ then FĒ 0 has a hull (R,Ē) in the sense of Schlessinger [17] , whereR is a complete local noetherian O-algebra (defined up to a non canonical isomorphism). One still can define the maps σ :R → O and τ : R →R σ as above (they are no more unique) and show that τ is injective. We conjecture that this map τ : R →R σ is formally smooth, that is,R σ is a ring of formal power series over R.
Cohomology of Hom
In the rest of Sect. 3 we assume the conditions of Proposition 5 satisfied.
Recall that (R,Ē) denotes the universal deformation ofĒ 0 over O. Notice thatR⊗ OR is isomorphic to the ring of formal power series over O in 2r-variables, where r = 2 + (2g − 2)m 2 . PutĒ i =Ē ⊗R (R⊗ OR ), where the homomorphismsR →R⊗R correspond to two projections Spf(R⊗R) → Spf R. So, Hom(Ē 1 ,Ē 2 ) is a smoothR⊗R-sheaf on X. Consider the map 
By Lemma 2, RΓ(X, Hom(Ē 1 ,Ē 2 )) can be represented by a perfect complex V ofR⊗R-modules whose differential is zero modulo the maximal ideal ofR⊗R, and V is defined up to a non canonical isomorphism. However, the complex V ⊗R⊗R κ is defined up to a canonical isomorphism. More presicely, V i ⊗R⊗R κ → H i (X, End(Ē 0 )) canonically for every i. Our first assertion follows.
2) By the projection formulae ( [8] , ii) of Proposition A.1.5),
Since H i (X, End 0Ē ) = 0 for i = 1, the differential in V ⊗R⊗RR vanishes. Let A ∈ Ob C O . LetR → A be a surjective local homomorphism of O-algebras, I ⊂ A ⊗ O A be the ideal of the diagonal, and J ⊂ I be another ideal.
The next assertion is an immedialte consequence of the universal property of (R,Ē). (A ⊗ A) ). In other words, the natural map
Lemma 18. If the images ofĒ
is an isomorphism. Passing to the limit we get the desired assertion.
Recall that we write Pic d X for the Picard stack classifying invertible sheaves of degree d on X. Let Pic d X be the corresponding Picard scheme of X, so that the natural map r :
The proof is given in Appendix A. 
with some multiplicity r > 0. It is enough to show that r = 1, i.e., to show that the following square is cartesian
with multiplicity one, our assertion follows.
Proof of Proposition 7
Let for brevity R =R⊗ OR . By Lemma B.1, we have a distinguished triangle
Let (R,Ē) be the universal deformation ofĒ 0 over O. It is equiped with a local homomorphism of O-algebras σ :R → O (cf. Sect. 3.2).
PutĒ i =Ē ⊗R (R⊗ OR ) (i = 1, 2), where the homomorphismsR →R⊗R correspond to two projections Spf(R⊗R) → Spf(R). These are smoothR⊗R-sheaves on X of rank n.
By abuse of notation, the composition of the diagonal mapR⊗R →R with σ :R → O will also be denoted by σ. 
whereR is considered as aR⊗R-module via the diagonal mapR⊗R →R.
Remarks . i) As in Sect. 1.4, let (R⊗R) σ denote the localization ofR⊗R in the multiplicative system {x ∈R⊗R | σ(x) = 0}. Notice thatR σ is the localization ofR in {x ∈R | σ(x) = 0}. By Proposition 2,
is an object of Perv f l (Bun n ,R⊗R) σ . By Remark 1, the core of the natural t-structure on D b c (Spec k,R⊗R) σ is a full subcategory of the category of (R⊗R) σ -modules. Sincē
Main Global Theorem can be reformulated as follows: for any integers i, d there is a canonical isomorphism of (R⊗R) σ -modules
ii) The stack Bun iii) The definition of G. Laumon and L. Moret-Bailly ( [12] , 18.8) of the cohomology with compact support of a stack is applicable here, because Bun n is a Bernstein-Lunts stack (cf. Remark 3).
4.2 Essentially, the idea is to derive Main Global Theorem from Main Local Theorem ( [14] ). Actually, instead of using Main Local Theorem, we will replace it by the following statement, which is easier to prove as soon as Conjecture 1 is assumed true.
Let η : Bun 
2 )
The complex n K 0 E does not depend onĒ and will be denoted n K 0 . To prove the above proposition, we will only use the particular case d = 0 of Main Local Theorem under the following form. 
), Aut 
where h ← (resp., h → ) sends (L ⊂ L ′ ) ∈ n Mod d to L (resp., to L ′ ). Following [7] , consider the averaging functor H 
We have H
Let ǫ : Applying this lemma we get
By ( [7] , 9.5), we haveH
This yields an isomorphism
Applying Lemma 22, we get Consider now the Kummer exact sequence on Y . It provides a distinguished triangle f * µ n → f * G m → f * G m on S. As is easily seen, the moprhism (R 0 f * )G m → (R 1 f * )µ n is surjective (the question is local for theétale topology on S, and one can assume f to be the projection S × G m → S). Since τ ≤1 f * µ n →f * µ n , by Lemma B.2 we get a distinguished triangle
Let us now construct a morphism (R 0 f * )G m → Z. If U is a smooth scheme then 
The latter provides a commutative diagram, where the rows and columns are distinguished triangles
→ Z/nZ → µ n [2] So, the morphism Z/nZ → µ n [2] in the lowest row is c(A). Lemma B.1 follows from Lemma B.3 by Verdier duality.
